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Abstract We report on the first dynamical evolutions of black holes in asymptotically de Sitter spacetimes. We focus on the head-on collision of equal mass binaries
and compare analytical and perturbative methods with full blown nonlinear simulations. Our results include an accurate determination of the merger/scatter transition
(consequence of an expanding background) for small mass binaries and a test of
the Cosmic Censorship conjecture, for large mass binaries. We observe that, even
starting from small separations, black holes in large mass binaries eventually lose
causal contact, in agreement with the conjecture.
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1 Introduction
Nonlinear dynamics in cosmological backgrounds has the potential to teach us
immensely about our universe, and also to serve as prototype for nonlinear processes in generic curved spacetimes. de Sitter spacetime is the simplest accelerating
universe—a maximally symmetric solution of Einstein’s equations with a positive
cosmological constant—which seems to model quite well the present cosmological
acceleration [1].
Key questions concerning the evolution towards a de Sitter, spatially homogeneous universe are how inhomogeneities develop in time and, in particular, if they
are washed away by the cosmological expansion [2]. Answering them requires controlling the imprint of the gravitational interaction between localised objects on the
large-scale expansion. Conversely, the cosmological dynamics should leave imprints
in strong gravitational phenomena like primordial black hole formation [3] or the
gravitational radiation emitted in a black hole binary coalescence, which carry signatures of the cosmological acceleration as it travels across the universe. Identifying
these signatures is not only of conceptual interest but also phenomenologically relevant, in view of the ongoing efforts to directly detect gravitational radiation.
Finally, dynamics in asymptotically de Sitter spacetimes could also teach us
about more fundamental questions such as cosmic censorship: two black holes of
sufficiently large mass in de Sitter spacetime would, upon merger, give rise to too
large a black hole to fit in its cosmological horizon. In this case the end state would
be a naked singularity. This possibility begs for a time evolution of such a configuration. Does the time evolution of non-singular data containing two black holes result
in a naked singularity, or are potentially offending black holes simply driven away
from each other by the cosmological expansion?
Following [4], we here report on numerical evolutions of black hole binaries in
an asymptotically de Sitter geometry. Even though we consider a range of values
for the cosmological constant far larger than those which are phenomenologically
viable, these results provide useful insight on the general features of dynamical
black hole processes in spacetimes with a cosmological constant, which can improve
our understanding of our universe.

1.1 Schwarzschild-de Sitter
The Schwarzschild-de Sitter spacetime, written in static coordinates reads
ds2 = − f (R)dT 2 + f (R)−1 dR2 + R2 dΩ2 .

(1)

The solution is characterised by two parameters: the black hole mass m and the
Hubble parameter H,
√
f (R) = 1 − 2m/R − H 2 R2 ,
H ≡ Λ /3 .
(2)
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f (R) has two zeros, at R = R± , R− < R+ , if
0 < mH < mHcrit ,

mHcrit ≡

√
1/27 .

(3)

These zeros are the location of the black hole event horizon (R− ) and of a cosmological horizon (R+ ). If H = 0, then R− = 2m; if m = 0, then R+ = 1/H. If H, m ̸= 0,
then R− > 2m and R+ < 1/H.
The basic dynamics in this spacetime may be inferred by looking at radial timelike geodesics. They obey the equation (dR/dτ )2 = E 2 − f (R), where τ is the proper
time and E is the conserved quantity associated to the Killing vector field ∂ /∂ T . In
the static patch (R− < R < R+ ), E can be regarded as energy. From this equation we
see that f (R) is an effective potential. This potential has a maximum at
Rmax = (m/H 2 )1/3 .

(4)

Geodesics starting from rest (i.e. dR/dτ (τ = τ0 ) = 0) will fall into the black hole if
R− < R < Rmax or move away from the black hole if Rmax < R < R+ .
As we will discuss in the next section, the initial data for an evolution in the de
Sitter universe can be computed in a similar manner as has been done in asymptotically flat space as long as one chooses a foliation with extrinsic curvature Ki j having
only a trace part [5, 6]. Such a coordinate system is known for Schwarzschild-de
Sitter: McVittie coordinates [7]. These are obtained from static coordinates by the
transformation (T, R) → (t, r) given by
R = (1 + ξ )2 a(t)r ,

∫

T = t +H

R dR
√
,
f (R) 1 − 2m/R

(5)

m
where a(t) = exp(Ht) and ξ ≡ 2a(t)r
. One obtains McVittie’s form for Schwarzschildde Sitter:
(
)
1−ξ 2 2
2
ds = −
dt + a(t)2 (1 + ξ )4 (dr2 + r2 dΩ2 ) .
(6)
1+ξ

By setting m = 0 in McVittie coordinates one recovers an FRW cosmological
model with flat spatial curvature and an exponentially growing scale factor. The
cosmological horizon HC discussed above, located at R = 1/H, stands at rHC =
1/(HeHt ). The spatial sections of HC seem to be shrinking down in this coordinate
system. What happens, in fact, is that the exponentially fast expansion is taking
any observer to the outside of HC . This is a well known phenomenon in studies of
inflation and has important consequences for the numerical evolution.
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1.2 Numerical Setup
For the numerical implementation we make use of the Baumgarte, Shapiro, Shibata and Nakamura (BSSN) formulation, e.g. [8, 9] with the moving puncture technique [10, 11]. In terms of the BSSN variables χ , γ̃i j , Ãi j , Γ̃ k (cf. App. A in [9]), the
evolution equations are the standard
( ones )except for the one of the trace of the extrinsic curvature which becomes ∂t − Lβ K = [. . . ] − αΛ , where [. . . ] denotes the
standard right-hand side of the BSSN equations in the absence of source terms (see
e.g. [8]). Moreover, a new variable χ̄ = exp(2Ht)χ was evolved instead of χ [2].
In references [5, 6] it was observed that imposing a spacetime slicing obeying
K i j = −H δ ji , and a spatial metric of the form dl 2 = ψ 4 γ̃i j dxi dx j , the equations to be
solved in order to obtain initial data are equivalent to those in vacuum. In particular,
for a system of N black holes momentarily at rest (with respect to the given spatial
coordinate patch), the conformal factor ψ takes the form
N

mi
.
2|r
−
r(i) |
i=1

ψ = 1+ ∑

(7)

There are N + 1 asymptotically de Sitter regions, as |r − r(i) | → 0, +∞; the total mass
for observers in the common asymptotic region (|r − r(i) | → +∞) is ∑i mi [6].

1.3 Numerical Results
For binary black hole initial data, we start by reproducing the results of Nakao
et. al [6], where the critical distance between two black holes for the existence of a
common Black hole Apparent Horizon (BAH) already at t = 0 was studied. We thus
prepare initial data (7) with m1 = m2 and take all quantities in units of the total mass
m = m1 + m2 . The two punctures are set initially at symmetric positions along the z
axis. The critical value for the cosmological constant,
√ for which the black hole and
cosmological horizon coincide is now mHcrit = 1/ 27. We call small (large) mass
binaries those, for which H < Hcrit (H > Hcrit ). Our results for the critical separation in small mass binaries, at t = 0, as function of the Hubble parameter are shown
in Fig. 1. The line (diamond symbols) agrees, after a necessary normalisation, with
Fig. 14 of [6].
We now consider head-on collisions of two black holes with no initial momentum, i.e. the√ time evolution of these data. For subcritical Hubble constant
H < Hcrit = 1/( 27m), we monitor the evolution of the areal radius of the BAHs
and that of the Cosmological Apparent Horizons (CAHs) of an observer at z = 0. For
instance, for H = 0.9Hcrit and proper (initial) separation 3.69m we find that the areal
radii of the BAH and CAH are approximately constant and equal to RBAH ≃ 2.36m
and RCAH ≃ 4.16m, respectively. As expected the two initial BAHs, as well as the final horizon, are inside the CAH. As a comparison, a Schwarzschild-de Sitter spacetime with the same H has RBAH ≃ 2.43m and RCAH ≃ 4.16m. This suggests that the
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Fig. 1 Critical coordinate distance for small mass binaries as a function of H/Hcrit . We obtain this
estimate from the coordinate distance to the horizon, Eq. (4), for a particular value of m. The t = 0
line refers to the critical separation between having or not having a common BAH in the initial
data. The inset shows details of the approach to the critical line for H = 0.6Hcrit , where a is an
acceleration parameter.

interaction effects (binding energy and emission of gravitational radiation) are of
the order of a few per cent for this configuration.
By performing a large set of simulations for various cosmological parameters H
and initial distance d, we have bracketed the critical distance for the merger/scatter
region as a function of the Hubble parameter H for the “dynamical” case, i.e., the initial coordinate distance between the black holes such that no common BAH forms.
The results are displayed in Fig. 1 (circles and × symbols).
As expected the critical distance becomes larger as compared to the initial data
value (“t = 0” line): there are configurations for which a common BAH is absent in
the initial data but appears during the evolution (just as in asymptotically flat spacetime). The numerical results can be qualitatively well approximated by a point particle prediction—from Eq. (4). To do such comparison a transformation to McVittie
coordinates needs to be done; we have performed such transformation at McVittie
time t = 0. Intriguingly, for a particular value of m ≃ 0.7, the point particle approximation matches quantitatively very well the numerical result; the curve obtained
from the geodesic prediction in Fig. 1 is barely distinguishable from the numerical
results.
A further interesting feature concerns the approach to the critical line. For an
initially static binary close to the critical initial separation, the coordinate distance
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d scales as d = d0 + at 2 . In general the acceleration parameter scales as log a =
C + Γ log(d −d0 ), where Γ = 1 in the geodesic approximation. A fit to our numerical
results for H = 0.6Hcrit (dashed curve in the inset of Fig. 1) for example yields
C = −3.1, Γ = 0.9 in rough agreement with this expectation. Details of this regime
are given in the inset of Fig. 1.
Finally, we have performed evolutions with H > Hcrit . On the assumption of
weak gravitational wave release, such evolutions can test the cosmic censorship
conjecture since the observation of a merger in such case would reveal a violation
of the conjecture [13]. From general arguments and from the simulations with H <
Hcrit , we know the cosmological repulsion will dominate for sufficiently large initial
distance and in that case we can even expect that a CAH for the observer at z = 0
will not encompass the BAHs. This indicates the black holes are no longer in causal
contact and therefore can never merge. Our numerical results confirm this overall
picture. To test the potentially dangerous configurations, we focus on the regime in
which the black holes are initially very close. A typical example is depicted in Fig. 2,
for a supercritical cosmological constant H = 1.05Hcrit , and an initial coordinate
distance d/m = 1.5002. Even though the initial separation is very small, we find
that the holes move away from each other, with a proper separation increasing as the
simulation progresses. In fact, further into the evolution, a distorted CAH appears,
and remains for as long as the simulation lasts. The evolution therefore indicates
that the spacetime becomes, to an excellent approximation, empty de Sitter space
for the observer at z = 0 and that the black holes are not in causal contact. Observe

Fig. 2 Snapshots at different times of a simulation with H = 1.05Hcrit , and an initial coordinate
distance d/m = 1.5002. The dotted blue line denotes the CAHs (for the observers moving with the
black holes). The full animation for this simulation can be found in [12].
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that qualitatively similar evolutions can be found in small mass binaries when the
initial distance is larger than the critical value

1.4 Final Remarks
We have presented evidence that the numerical evolution of black hole spacetimes
in de Sitter universes is under control. Our results open the door to new studies of
strong field gravity in cosmologically interesting scenarios. In closing, we would
like to mention that our results are compatible with cosmic censorship in cosmological backgrounds. However, an analytic solution with multiple (charged and extremal) black holes in asymptotically de Sitter spacetime is known, and has been
used to study cosmic censorship violations [14]. In collapsing universes a potential violation of the conjecture has been reported, although the conclusion relied on
singular initial data. To clarify this issue, it would be of great interest to perform numerical evolution of large mass black hole binaries, analogous to those performed
herein, but in collapsing universes. This will require adaptations of our setup, since
the “expanding” behaviour discussed of the coordinate system will turn into a “collapsing” one, which raises new numerical challenges.
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